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SECTIONAL CURVATURES OF THE SIEGEL-JACOBI SPACE

JAE-HYUN YANG, YOUNG-HOON YONG, SU-NA HUH, JUNG-HEE SHIN,
AND GIL-HONG MIN

ABSTRACT. In this paper, we compute the sectional curvatures and the
scalar curvature of the Siegel-Jacobi space H; x C of degree 1 and index
1 explicitly.

1. Introduction

For a given fixed positive integer n, we let
H,:={ZeC"™ | Z="2 ImZ >0}
be the Siegel upper half plane of degree n and let
Sp(n,R) = {M € R®™2™) | ‘\f ], M = J,,}

be the symplectic group of degree n, where F(%! denotes the set of all k x [
matrices with entries in a commutative ring F' for two positive integers k and
I, 'M denotes the transpose of a matrix M, Im Z denotes the imaginary part

of Z and
o I,
(5

Here I,, denotes the n x n identity matrix. It is easy to see that Sp(n,R) acts
on H,, transitively by
(1.1) M-Z:=(AZ + B)(CZ + D)™,
where M = (4 B) € Sp(n,R) and Z € H,.
For two positive integers n and m, we consider the Heisenberg group
Hﬂé"’m) = { (k)| A pe R g e RWM g4 i\ symmetric)
endowed with the following multiplication law

Apir) o (Vo5 67) = A+ N+ sk + 1+ X" = pt ).
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We define the semidirect product of Sp(n,R) and Hﬂg{n’m)
G;{ﬁm = Sp(n,R) x H]é"’m)

endowed with the following multiplication law
(M, O\, 15 m)) . (M’, N, s :‘il)) = (MM', A+ N, it f<a+f£'+5\tu’—ﬂt)\’))

with M, M’ € Sp(n,R), (A, p; &), (N, p/;6') € Hﬂ({l’m) and (5\,,&) = (A, ) M.
We call this group G;{m the Jacobi group of degree n and index m. It is
easy to see that Gy, acts on Hj, x C(™n) transitively by

(1.2) (M, O\ 1 n)) (Z,W) = (M-Z, (W +\Z + p)(CZ + D)*l),

where M = (4 B) € Sp(n,R), (A, p;5) € HS™ and (Z,W) € H,, x Cmn),
The homogeneous space H, x C™™) is called the Siegel-Jacobi space of
degree n and index m. We refer to [3, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]
for more details on materials related to the Siegel-Jacobi space.
In [14], the author proved that for any two positive real numbers A and B,
the following metric

ds2 o p = AU(Y*le Y*ldE)
(1.3) +B {U(Y_ltVVY_le Y—ldi) + o(y—“(dW) dW)
—a(VY’leY’”(dW)) - o(vyldﬁy“(dW))}

is a Riemannian metric on the Siegel-Jacobi space H,, x C(™™) which is invariant
under the action (1.2) of the Jacobi group G ,, where Z = X +iY € H,,, W =

n,m?

U+iV e C™" with Z = (25), W = (wg) and X,Y, U,V real, we put
dZ = (dzy), dZ = (dzy), dW = (dwy), dW = (dwy)

and o(A) denotes the trace of a square matrix A. Also he computed the
Laplace-Beltrami operator of the Siegel-Jacobi space (H,, x C™™), dsi7m;A7B)
explicitly.

In this paper, we consider the case n = 1 and m = 1. In this case, we have
a Riemannian metric

(1.4)

ds%,l;A,B
dx? + dy? 2 1 2
=A LQZ/ + B { v_3 (dz2 + dy2) + - (du2 + dv2) - —12) (d:cdu + dydv)}
Y Y Y Y
on H; x C which is invariant under the action (1.2) of the Jacobi group Gf1 =
SL(2,R) x Hﬂg’l), where z =x +iy € H; and w = u+iv € C with x,y,u,v
real coordinates. We also refer to [1] and [4] for the metric (1.4). According to
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Theorem 1.2 in [14], we see that the Laplace-Beltrami operator Aj 1.4 p of the
Siegel-Jacobi space (Hy x C, ds} ., p) is given by

1 L (2 o
(1.5) A1,1;A,BZ{ZJ <@+5—242)+v WﬁLw

fogo (L1 Ly (e
v| =— = |l=—=+==])-
YO\ orou Oyov B \ ou?z v
The purpose of this paper is to compute the sectional curvatures of the Siegel-
Jacobi space (H; x C, dsil; a.p) explicitly. We will prove that the scalar

curvature r(p) of (Hy x C, dS%,l;A,B) is constant, precisely, r(p) = *fx for all
peH; xC.

This paper is organized as follows. In Section 2, we compute the Christof-

fel symbols I'}; of the Siegel-Jacobi space (Hy x C,ds? ;. p) explicitly. In
Section 3, we compute the sectional curvatures of the Siegel-Jacobi space
(Hy x C,ds 1.4 ) explicitly. We prove that the scalar curvature of the Siegel-
Jacobi space (H; x C, dsil;AyB) is given by —2 and that the scalar curvature
is independent of the choice of B. In the final section, we discuss the invariant
Riemannian metrics of the Siegel-Jacobi disk D x C and their Laplace-Beltrami
operators.
Notations: We denote by R and C the field of real numbers, and the field of
complex numbers respectively. The symbol “:=" means that the expression on
the right is the definition of that on the left. For two positive integers k and [,
F(D denotes the set of all k x [ matrices with entries in a commutative ring
F. For a square matrix A € F**) of degree k, o(A) denotes the trace of A.
For any M € F* U tM denotes the transpose matrix of M. I,, denotes the
identity matrix of degree n.

2. Preliminaries

For brevity, we write M := H; x C. Then M is a four dimensional Riemann-
ian manifold with a metric ds? given by (1.4). We denote by C°°(M) and X (M)
be the algebra of all C"*° functions on M and the algebra of all C*® vector fields
on M respectively. It is well known that there exists a uniquely determined
Riemannian connection V on M (cf. [2], p. 314). That is, the connection V
is a mapping V : X(M) x X(M) — X(M), denoted by V(X,Y) = VxY
which satisfies the following properties (R1)-(R4): For all f,g € C*°(M) and
XY, Z,W € X(M),

(R1)  VixigwvZ=f(VxZ)+9(VyZ),

(R2) Vx(fY +92Z) = f(VxY)+9(VxZ) + (X )Y + (Xg)Z,
(R3) [X,Y] =VxY — Vy X (symmetry), and

(R4) X(g(Y,2))=9(VxY,Z)+9(Y,VxZ),
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where g(Y, Z) denoted the inner product determined by the Riemannian metric
ds? on M.

Now we fix a local cooodinate x,y,u,v with z = x + iy and w = u + i v.
Then the smooth vector fields

0 0 0 0
Fyi=—, FEy:=—, FE3:=_— d Fy = —
! ox’ 2 3 ou a * ov
form a local frame fields on M. We recall that the Christoffel symbols Ffj (1<

i,j,k < 4) are defined by
4
(2.1) Vi Eji=Y T By, 1<ij<4
k=1
According to (1.4), the matrix form g = (gi;) of the metric ds? ;. 4 p is of
the form

Ay + Bv? Bv
L
0 Ay + Bv? Buv
— () = y? y?
(2 2) g (gzj) B’U B
Bv B

Then it is easy to see that det (g;;) = A?B?y~5 and the inverse matrix g=! :=

(9"7) of g = (gi;) is given by

2
Yy yv
" a ’
Yy yv
0 = 0 —
-1 _ () — A A
(2:3) g = (g ) | yv 0 Ay + Bv? 0
A AB
0 Ay + Bv?
A AB

Lemma 2.1. For all i,j,kz,l"fj = 1";“1 The Christoffel symbols Ffj s (1 <
i,5,k <4) are given by

2 2Ay + Bv? o2 2Ay + Bv?
0T oA,z 12 22 T 24y
. — Bv? 3 T4 _ Bv?
1= a8 12 22 2Ay°
Bv Bv

2, =13 =14 = ___
13 34 44 2Ay
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Ay — Bv? Ay — Bv?
F%3:W7 F?4:F%3:F§4:—W
B B
ngzﬂa Fi4:1"§4:—ﬂ

and all other Ffj =0.

Proof. The first statement follows immediately from the symmetry relation
(R3). We recall (cf. [2], p. 318 or [8], p. 210) that

14
(2.4) Iy = Ezgks(Ejgsi — Esgij + Eigjs)

s=1
for all ¢, j, k. By an easy computation, we get all Ffj. (I

We define the functions
y2 VByv (y +1?)2

———— hp:= ., he:=
(Ay + Bv?)2 o VA (Ay + Buv?)2 ¢ VvV AB

An easy computation gives the following:

(2.5) hga:=

Lemma 2.2.

Oha y%(24y + 3Bv?) Ohp VBv(Ay + 2Bv?)
Oy~ 2(Ay+ Bu2)s 9y 2VA(Ay+ B?)¥
Ohc VA Oha Bytv

dy  2vVB(Ay + Bo?)3 v (Ay+ BR)¥
Ohg VABy? Ohc VB

I (Ay + Bv?)3 ’ o VA (Ay + Bv?)3

and

Oha Ohp Ohc Oha Ohp Ohc 0
Oz Oz Oz ou ou ou '
Lemma 2.3. The following frame field Fy, Fo, F5, Fy defined by
Fy = hakEj, Fy := haEs

Fs := hpFi+ hckFEs, Fy:=hpFEs + hcFEy

form an orthonomal frame field on M. And they satisfy the following relations
y*(2Ay + 3Bv?)

[F1, Fh] = — 2(Ay + B2z v [F1, F3] =0,
B\/Eygvg
[F1;F4]:7 1
WA (Ay + B2y
By2v(Ay + 2Bv? Ay
[FQ’FS]:\/_y v(Ay + 2Bv?) VAy B,

+
2\/Z(Ay+Bv2)2 ! 2\/§(Ay+BU2)
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VByzu VAy3

e, 1) = 2V A (Ay + Bv?) 2 2v/B (Ay + Bv?)
and
By, Fy] = — 2A%y% + 3ABy*v? + 2B%yv* o 3Ayv + 2Bv3 \
’ 2A(Ay + Bv?)? 2A(Ay + Bv?)

Proof. The first statement follows from the Gram-Schmidt orthogonalization

process. The proof of the second statement follows from a direct computation.
O

Definition 2.1. Let X and Y be two smooth vector fields on M. The curvature
operator R(X,Y) : X(M) — X(M) is defined as

(2.6) R(X,Y)Z :=Vx(VyZ)-Vy(VxZ)-VixyvZ, Z¢&X(M).
For a quadruple (X,Y,Z,W) of smooth vector fields on M, we define
(2.7) R(X,Y,Z, W) :=g(R(X,Y)Z,W).

The tensor R(X,Y, Z, W) is called the Riemann curvature tensor of M.

3. Sectional curvatures

For any point p € M, we let mxy be the plane section of tangent space
T,(M) of M at p spanned by two orthonormal tangent vectors X and Y in
T, (M). We recall that the sectional curvature K,(wx,y) of mx y is defined by

(3.1) Ky(rxy)=—R(X,Y,Z,W)=—g(R(X,Y)Z, W),

where R(X,Y, Z, W) denotes the Riemann curvature tensor of M. In fact, the
sectional curvature Kp(mx y) is independent of the choice of two orthonormal
basis of the section mx y.

Theorem 3.1. For any point p = (x,y,u,v) € M, we let m;; the plane section
of T, (M) spanned by two orthonormal vectors Fy, and F, of T,(M). Then the
sectional curvatures Kp(ﬂxy) are given by

. 1 3%y . !
plmz) = -7+ 37 (Ay + Bv?)?’ p(ms) = =3
% 1 3AByv? % 1 3AByv?
W)=t sy mer U =TI saay s pey
1 1 3Bv?(2Ay + Bv?)
Kp(ﬂ-24) = 7@5 Kp(ﬂ-34) =

24 2A(Ay+ Bv?)?

Proof. We observe that K,(m;;) = —g(R(Fip, Fjp)Fip, Fjp) for 1 <4,j < 4. By
a direct computation, we obtain

Ve Ve, Er = (I, 4+ T3,075) B2 + (4D, + [3,T1) B,
Ve, Vi, Ey = (o035, + T3, ) By + (T3,1%, + I9,I5,) Es,



VE VE, B3 =
Ve, Vi, E1 =
Vi, Ve, B —
Ve Ve, Es

Ve, VE F)
VE,VE E>
Ve, VE Es3
Vi, Vi, B
VE,VE, 3
Ve, Ve, E>
Ve, VE 1
VE,VE,Fh
VE,VE, >
VE,VE, 3

Ve, Ve, B
VE,VE, 3

Ve VE Eq
Ve, VE B3 =

Ve VEEy =

(
(
(
(
(
(
(
(
(
(r
(
(
(
(
(
(
(
(r
(

SECTIONAL CURVATURES OF THE SIEGEL-JACOBI SPACE 793

Ty + Il53) By + (T, 5 + Tislsy ) By,

[Ty + Tl ) By + (T30 + Tl ) Bs,

ITHTL + T3, ) Ex + (D10, + TislYy) By,

2Tl + M%) By + (DL, + I3, Ey,

[2, T2, + T4 T2, + anﬁ @ﬂr4+r w:+ﬁi)E
11+ 22 24 11+ 22 24 ) 4,

16) o)

[0, + 5,055 + Fm) (F12F32 + 9,05, + g”) Es,

I3, ) 2+(F§3F2+F I3, + g )E4,

1—‘121—%3 + F FgS ) Ey + (F12 23 T F F3 F ) Es,

[3,T55 + 5,03, + 8F33) Ey + (F22F 33 +T5,033 + 8F33) Ey,
52134 + 13,15, + 324)E2+(F22F4+F 24+a—;4) Ey,

F%1F23 + 1 05e) B+ (T35 + T4 15, ) s,

Dol + ials) Bo + (Dol + 1 2F33 ) Ea,

ngrzg +T5o054) Br + (T5035 + To1'5y ) B,

3305, + 153135 ) Ba + (T13T35 + F23F3 ) Ex,

[0 + T1al35) B + (sl +194055) Ea,

303 + 13505, ) B2 + (D3T3 + 3375, ) B,

P03+ TS+ 05 By 4 (T, 4 T, + 20) B,

or?

a5, + T1aT5, + o )E2+(13F4+F 44+a )

T5,T5 + Tol0 + F ) By + (F22F + T804, + 2 a ) Ey,

vmv%&:(@J%+QJM+7§)&+(QJ%+QJL+%%V%

Thus according to Lemma 2.2, Lemma 2.3 and the above formulas, we have

2
R(F, Fy)Fy = hA{(hAm“+9QIfl+hi%£l

- hA{ (hA oha 4 91) T} + h% 6531

}Ez
}E4,

R(FlvFB)Fl = hihc{ (F%4F4113 - F%1F§4) }El

+hﬂm{a$r3+r3r

-y, - T J B
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R(Fy\,Fy)Fy = hA{hAhC (Ffsri — T, - 6;51)

— hahgp ag; - (th’g—yA +hodka 4 92) Ffl}EQ

ard,
+ hA{hAhC (F%3F§4 +T4 T, - T3, — T T, — Jv )

— hahp—5*t (h ahA + he ahA +92) F11}E4;

R(Fy, F3)Fs = hA{hAhc (Fésrgs — T3, + %i)

(hAh Iy, + hg ahyB F%g + hA 9ha 1—‘23 6’31—‘%2 - 6’41—‘%3) }El

oT3,
9y

(hAh T2 4 ha 22T, + ha2eTd, — 65T, — 941“33) }Eg,

+ hA{hAhC (F?2F%3 + T53T5; — T35 — T35

R(F3, Fy)F> = {h,24 hc (1%41—‘34 I5I5, + a - 6;52)

4o (hA Ohn _ p Oha hcaah—f) I3, + h32%e s,

oy
2
Oha BhB Ohg Oha _ Oha _ Oha Oha
ha oy + ha oy Ov ( By) he Oy Ov

— hA95F§2 — hA94F%4 — 9566};—; - 94 6§UA}E2

2 14 4 4
- F22F24 - F22F44

+ {hihc (r32r4 + T}
~ LY hg (ha e f’g; ho % ) T,

+ WA %5 — halsT5, — hats 1“34} Ey,

R(Fs, Fy)Fs = — {h2B (hB agjl + hcag—fl + 2’1085—53)
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2 2 2
+ 1% (ho %5 + hp i + 2hp ) }E2

v

ars art ars,
- {hQB (he %t + ho Tk + 200 5 )

4 4 4
+ o2 (hc%;ﬁ + hp i 4 opy s ) }E4,

where we put

0. — _y2 (2Ay + 3Bv?) o BvVBy2v3 . \/Ey%v(Ay+QBU2)
YT T Ay B T oA (Ay+ B2 T 2VA (Ay + Bo?)?
and . X
0, — \/Zyi . \/Eyiv
b 2V B (Ay + Bv?)’ > WA (Ay + Bv?)
Using (2.2), (2.5), (2.7), Lemma 2.1, Lemma 2.2 and the above formulas, we
obtain the above sectional curvatures K, (m;;) for 1 <i < j <4. O

Theorem 3.2. The scalar curvature v(p) of the Siegel-Jacobi space
(Ma dS%,l;A,B)
18

3
r(p) = -3 for allp € M.

Proof. We recall that the scalar curvature r(p) of M is defined as

4
T(p) = Z R(EpaFjpaFjvaip)a pGM

ij=1
We note that the scalar curvature r(p) is independent of the choice of an
orthonormal basis of T},(M). Since the following symmetry relations

R(X,Y)Z+R(Y,X)Z=0
hold for all XY, Z € X (M), we have
r(p) = = 2{ R (Fip, Pop, Fip, Fay) + R(Fip, Py, Fip, Fy)
+ R(FlpaF4paF1paF4p) + R(F2paF3paF2paF3p)
+ R (Fop, Fap, Fop, Fip) + R (F3va4va3va4p)}-
Accoding to Theorem 3.1, we obtain

3

r(p) = a

This completes the proof of the above theorem. O
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Remark 3.1. The Poincaré upper half plane Hj is a two dimensional Riemann-
ian manifold with the Poincaré metric
dx? + dy?
ds% = %, z=ux+1iy € Hy with x,y real.
It is easily seen that the Gaussian curvature of (Hj, ds?) is —1 everywhere and
(Hy, dsi) is an Einstein manifold. Indeed, if we denote by So(X,Y’) the Ricci
curvature of (Hy, ds%), then we have

So(X,Y) = —go(X,Y) for all X,Y € X(H,),

where go(X,Y) is the inner product on the tangent bundle T'(H;) induced by
the Poincaré dsj. But the Siegel-Jacobi space (H; x C, ds? ., ;) is not an
Einstein manifold. In fact, if we denote by S(X,Y) the Ricci curvature of the
Siegel-Jacobi space (H; x C, ds3 1.1 1), we can see without difficulty that there
does not exist a constant ¢ such that

S(Ey1, E1) = cg(E1, Er) = cg.

4. Final remarks

Let D= {¢ € C||¢|] < 1} be the unit disk in the complex plane. We let

Gg;:{((g %),(g,z;m)) | (g %)eSU(l,l),geC,meR}

be the Jacobi group equipped with the multiplication law

(6 3ceam) (( £) c00)

_ p q IL/‘I_/ E ¢l el c o Fter _ ftel
- <<a ﬁ) <q/ p,>,(§+§,9+§,lﬂ+lﬂ+§§ 95))7

where € = p'€ + g€ and 0 = ¢’ + P’ €. Then G/ acts on the Siegel-Jacobi disk
D x C transitively by

Pa) ez - (PSTY 77+§C+E>
(4.1) <<§ Z_)>,(§,§, )) (€ m) <§<+1—77 7+ )

where ¢ € D and € C. According to (1.2), we see that G, acts on H; x C
transitively by

s (5 8) ) (28, A

where (24) € SL(2,R), A\,u,x €R, z € Hy and w € C.

In [15], the author proved that the action (4.1) of G on the Siegel-Jacobi
disk D x C is compatible with the action (4.2) of G/ on the Siegel-Jacobi space
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H; x C via the partial Cayley tranform ®, : D x C — H; x C defined by

@y eden = (N2

Precisely, if g = ((¢4), (A 5 5)) € G{ 1, we put

(4.4 = (2 9. (30+imz0-imi-i5)).

where

), (¢,n) eDxC.

{la+d)+i(b—1c)}

1
P=35

and .
¢=3 {(a—d)—i(b+c)}.

We note that g, is an element of G. The compatibility condition means that
the following condition

(45)  g-®.(¢,n) = Pu(g4-(¢,m))  forallge GY, and (¢,n) eDxC

holds. Using the compatibility condition (4.5), the author [16] proved that for
any two positive real numbers A and B,

_ B d¢ d¢
dSil;A,B - (1 B |<|2)2
dndy L+ [CP) 2 =Cn? —<(7* . ~
! 4B{1 —iep (1- [P dede
n¢—mn _ nC-n =
—— T d¢di+ ——— = dldn
(1-1¢2)” (1—-1¢?) }

is a Riemannian metric on the Siegel-Jacobi disk D x C which is invariant
under the action (4.1) of G/ on D x C. According to Theorem 1.4 in [16],
we see that the Laplace-Beltrami operator 31,1; A, of the Siegel-Jacobi disk
(D x C, ds? ;.4 p) is given by

Risoas = %{(1 ~KPY oz + (1= )0~ 7O e
+ (1=1¢*)@ = nQ) il
¢ on
_ 62
+ (Inl*+1¢nl =<n? = ¢7?) 877%}
+ %(1— I¢?) g;aﬁ.
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Theorem 4.1. The scalar curvature of the Siegel-Jacobi disk (DX(C, déil;A’B)
18

3
r(q):—z for all g € D x C.

Proof. The proof follows from Theorem 3.2 and the compatibility condition
(4.5). O
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